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We study the spontaneous pair production, including the Schwinger mechanism
and the Hawking radiation, of charged scalar and spinor particles from the
near horizon region of (near) extremal charged black holes in the probe field
limit. The pair production rate and the absorption cross section, as well as
the retarded Green’s functions of the probe fields are analytically computed.
Moreover, the holographic description dual to the pair production is discussed.
Keywords: pair production, black hole, Hawking radiation, Schwinger mecha-
nism
1. Introduction
The spontaneous pair production occurring in charged black holes mixes
two independent processes, the Schwinger mechanism1 and the Hawking
radiation2. Since this effect is expected to happen in the near horizon
region, we investigate the particle emissions (scalar and spinor particles)
in the spacetime of the near-horizon region of the near extremal Reissner-
Nordstro¨m (RN) black hole3,4 without back-reactions. The spacetime has
the geometric structure AdS2 × S2 plus a constant electric field, which al-
lows us to analytically solve the Klein-Gorden (KG) equation and the Dirac
equation for the probe scalar and spinor fields, respectively and obtain the
exact solutions in terms of the well-known hypergeometric functions. Fur-
ther, by imposing the particle viewpoint boundary condition on the solu-
tions, the physical quantities: the vacuum persistence amplitude, the mean
number of produced pairs, the absorption cross section ratio and the re-
tarded Green’s function of the probe fields are gained. In addition, the
physical quantities calculated from the gravity side are showed to match
well with those results of the scalar and spinor operators in the dual bound-
ary conformal field theories (CFTs) side, based on the RN/CFT correspon-
dence5–10. Moreover, the corresponding thermal interpretation has been
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discussed11–13.
2. The near horizon near extreme RN black holes
The geometry of the near horizon near extreme RN black hole has the
structure of an AdS2 × S2 as3
ds2 = −ρ
2 −B2
Q2
dτ2 +
Q2
ρ2 −B2 dρ
2 +Q2dΩ22,
A = − ρ
Q
dτ ; F =
1
Q
dτ ∧ dρ, (1)
where ρ is the radial coordinate of the AdS2 section, B labels the deviation
from extreme limit and acts as the new horizon radius in this geometry, and
Q is the charge of the original RN black hole. Geometrically, the positive
curvature of S2 exactly compensates the negative part of the AdS2.
3. Particle creation
3.1. Boundary conditions
There is a potential barrier due to the electromagnetic and gravitational
forces in the near horizon region, the pair production becomes a tunneling
process by considering the fluxes in the scattering matrix theory. Two
boundary conditions can be imposed (see Fig. 1):
reflected
incident
B.C.
transmitted
transmitted
B.C.
incident
reflected
inner boundary (horizon) outer boundary (asymptotic)
Particle
Antiparticle
Fig. 1. Outer boundary condition (upper picture): no incoming flux at asymptotic.
Inner boundary condition (lower picture): no outgoing flux at horizon.
The first one is the outer boundary condition (particle viewpoint),
which restricts no incoming fluxes at the asymptotic outer boundary. In
the Stu¨ckelberg-Feynman picture, the outgoing (transmitted) flux at the
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asymptotic represents the spontaneous produced particle, the outgoing (in-
cident) flux at the horizon represents the total particles created by vacuum
fluctuations, and the incoming (reflected) flux represents the re-annihilated.
The second one is the inner boundary condition (antiparticle viewpoint)
that restricts no outgoing fluxes at the inner boundary, which means that
the incoming (transmitted) flux at the horizon represents the spontaneous
produced antiparticle, the incoming (incident) and the outgoing (reflected)
fluxes at the asymptotic represents the total created antiparticles and the
re-annihilated. Since the particle and anti-particle are always produced in
pair due to the charge conservation and/or the energy-momentum conser-
vation, these two boundary conditions are actually equivalent3.
3.2. Physical quantities
For bosonic and fermionic particles, there are two versions of flux conser-
vations14
bosons : |Dincident| = |Dreflected|+ |Dtransmitted|,
fermions : |Dreflected| = |Dincident|+ |Dtransmitted|, (2)
and two versions of Bogoliubov relations
bosons : |A|2 − |B|2 = 1, fermions : |A|2 + |B|2 = 1. (3)
where the vacuum persistence amplitude |A|2 and the mean number of
produced pairs |B|2 are given by the ratio of the flux components in the
Coulomb gauge
|A|2 ≡ Dincident
Dreflected
, |B|2 ≡ Dtransmitted
Dreflected
. (4)
Moreover, from the viewpoint of scattering of an incident flux from the
asymptotic boundary, we can define the absorption cross section ratio as
σabs ≡ Dtransmitted
Dincident
=
|B|2
|A|2 . (5)
4. Scalar production
The EoM of the probe scalar field Φ with mass m and charge q propagating
in the near horizon geometry (1) is
DαD
αΦ−m2Φ = 0, (6)
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where Dα ≡ ∇α − iqAα with ∇α being the usual covariant derivative. The
corresponding radial flux is
D = i
√−ggρρ(ΦDρΦ∗ − Φ∗DρΦ). (7)
Using the ansatz Φ = exp(−iωτ + inφ)R(ρ)S(θ), the KG equation can be
separated into the standard spherical harmonic equation with eigenvalue
λℓ = ℓ(ℓ+ 1) (ℓ: integer) and the radial part
∂ρ[(ρ
2 −B2)∂ρR] +
[
(qρ− ωQ)2Q2
ρ2 −B2 −m
2Q2 − λℓ
]
R = 0, (8)
which resembles the EoM of a scalar field with effective mass m2eff = m
2 −
q2 + λℓ/Q
2 propagating in an AdS2 geometry with radius LAdS = Q. We
find that the existence condition for the pair production is the violation
of the Breitenlohner-Freedman (BF) bound15,16 in the AdS2 (or effectively
AdS3) spacetime, i.e.
(m2 − q2)Q2 + (ℓ+ 1/2)2 < 0, (9)
which indicates that the mass of the created particle should be smaller than
its charge.
Eq.(8) can be exactly solved by the following solution
R(ρ) = c1(ρ−B)(−i/2)(a−a˜)(ρ+B)(i/2)(a+a˜)F
(1
2
+ ia˜+ ib,
1
2
+ ia˜− ib;
1− ia+ ia˜; 1
2
− ρ
2B
)
+ c2(ρ−B)(i/2)(a−a˜)(ρ+B)(i/2)(a+a˜)
F
(1
2
+ ia+ ib,
1
2
+ ia− ib; 1 + ia− ia˜; 1
2
− ρ
2B
)
, (10)
with parameters a ≡ qQ, a˜ ≡ ωQ2/B, b ≡
√
(q2 −m2)Q2 − (ℓ+ 1/2)2.
Then the Bogoliubov coefficients and the absorption cross section ratio in
particle viewpoint can be obtained as
|A|2 = |D
(out)
H |
|D(in)H |
=
cosh(πa− πb) cosh(πa˜+ πb)
cosh(πa+ πb) cosh(πa˜− πb) ,
|B|2 = |D
(out)
∞ |
|D(in)H |
=
sinh(2πb) sinh(πa˜− πa)
cosh(πa+ πb) cosh(πa˜− πb) ,
σabs =
|B|2
|A|2 =
sinh(2πb) sinh(πa˜− πa)
cosh(πa− πb) cosh(πa˜+ πb) . (11)
where D
(out)
H , D
(in)
H are the outgoing and ingoing fluxes at horizon, re-
spectively and D
(out)
∞ is the outgoing flux at asymptotic boundary (re-
sults for antiparticle viewpoint can be found in3). In the extremal limit
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B → 0 (a˜ → ∞), the leading term of |B|2 leads to the Schwinger for-
mula |B|2 ≃ e−πm2Q/q ≃ e−πm2r2H/qQ. We can compare the ratio |B(B =
0)|2/|B(B 6= 0)|2 ≥ 1, which means the production rate in the extremal
limit (Schwinger) is greater than that in the near extremal limit (Schwinger
+ Hawking). In other words, as the geometry changes from the extremal
to near extremal black hole, the increasing gravitational force will reduce
the electromagnetic repulsive force for the Schwinger mechanism3.
5. Spinor production
The EoM for charged spinor particles is the Dirac equation
[γaea
µ (∂µ + Γµ − iqAµ) +m] Ψ = 0, (12)
where ea
µ is the tetrad and Γ = Γµdx
µ = 14γ
aγbωab is the spin connec-
tion one-form. Choosing the ansatz Ψ = exp(−iωτ)[R+(ρ)Φ+κ,n(θ, φ) +
R−(ρ)Φ
−
κ,n(θ, φ)], where Φ
±
κ,n are the spherical spinors correspond to the
eigenvalues, κ = ∓(j + 1/2) (j: half-integer) and the projection n(−ℓ <
n < ℓ), eq.(12) reduces to two first order coupled equations4√
ρ2 −B2
Q
∂ρR± ∓ i ωQ− qρ√
ρ2 −B2R± +
(
κ
Q
± im
)
R∓ = 0, (13)
where R± = R+±R−. Using the new coordinate z = (ρ+B)/2B and two
re-scaled functions R˜± = Σ±1R± where Σ = (2B)iazi(a˜+a)/2(z−1)−i(a˜−a)/2
with the parameters a ≡ qQ, a˜ ≡ ωQ2/B, b¯ ≡
√
(q2 −m2)Q2 − (j + 1/2)2,
eq.(13) can be further reduced to the hypergeometric differential equations
z(1− z)∂2zR˜± + [γ± − (α± + β± + 1)z]∂zR˜± − α±β±R˜± = 0, (14)
with α± = i(b¯ ∓ a), β± = −i(b¯ ± a) and γ± = 12 ∓ i(a˜ + a). The solutions
are
R˜± = C±F
(
i(b¯∓ a),−i(b¯± a); 1
2
∓ i(a˜+ a); z
)
(15)
+C¯±z
1
2
±i(a˜+a)F
(
1
2
− i(b¯∓ a˜), 1
2
+ i(b¯± a˜); 3
2
± i(a˜+ a); z
)
.
Also, the condition for the pair production to happen requires the param-
eter b¯ to be real, namely,
(m2 − q2)Q2 + (j + 1/2)2 < 0. (16)
which breaks the BF bound of spinor fields in the AdS2 (or effectively AdS3)
spacetime. Moreover, according to the charge and energy conservation,
August 25, 2018 14:52 WSPC Proceedings - 9in x 6in ICGA12˙pair˙production˙RN150930 page 6
6
the black holes lose their charge more than mass in the process of pair
production, which ensures the cosmic censorship conjecture when the back-
reaction is not included.
Likewise, the Bogoliubov coefficients and the absorption cross section
ratio in the particle picture are given by
|A|2 = |D
(out)
H |
|D(in)H |
=
sinh(πa− πb¯) cosh(πa˜+ πb¯)
sinh(πa+ πb¯) cosh(πa˜− πb¯) ,
|B|2 = |D
(out)
∞ |
|D(in)H |
=
sinh(2πb¯) cosh(πa˜− πa)
sinh(πa+ πb¯) cosh(πa˜− πb¯) ,
σabs =
|B|2
|A|2 =
sinh(2πb¯) sinh(πa˜− πa)
sinh(πa− πb¯) cosh(πa˜+ πb¯) . (17)
It can be seem that results in eq.(17) and eq.(11) are simply related via
sinh(πa±πb¯)↔ cosh(πa± πb) and cosh(πa˜− πa)↔ sinh(πa˜−πa), except
for ℓ is integer, while j is half-integer.
6. Holographic CFT description
The near horizon geometry of the near extreme RN black hole is dual to a
2d CFT with left- and right-hand central charges and temperatures
cL = cR =
6Q3
ℓ
, TL =
ℓ
2πQ
, TR =
ℓB
πQ2
, (18)
where ℓ is a parameter that can be interpreted as a measure of the U(1)
bundle of the background spacetime5–10.
For the bulk scalar and spinor fields, the conformal dimensions of their
dual operators are
scalar operator : hL = hR =
1
2
± ib, ,
spinor operator : hR =
1
2
± ib¯, hL = 1± ib¯. (19)
Also note that the first law of thermodynamics of the black hole is identical
to that of the dual CFT, i.e.
δM
TH
− ΩHδQ
TH
=
ω˜L
TL
+
ω˜R
TR
, (20)
in which the black hole Hawking temperature and chemical potential are
TH =
B
2πQ2 , ΩH = Aτ (B) = −B/Q. Then
ω˜L = −qℓ and ω˜R = 2ωℓ. (21)
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Thus the absorption cross sections in eqs.(17)(11) match with their CFT’s
results, respectively, only up to some numerical factors. Consequently, the
mean number of pairs |B|2 also match with the CFT 2-point functions,
both for the scalars and fermions, via the relation |B|2 = −σabs(b → −b).
Furthermore, the retarded Green’s functions and quasinormal modes of
the bulk probe scalar and spinor fields also consistent with the results
GR(ωL, ωR) from the dual CFT2 side in which the frequencies take dis-
crete values of the Matsubara frequencies, respectively.
7. Conclusions
We study the scalar and spinor pair production for the near extremal RN
black hole without back-reaction. The KG equation and Dirac equation are
solved in the near horizon region where the geometry is AdS2×S2 and the
background electric field is constant in the radial direction. The near hori-
zon region contains causal horizon and dominated electric field which cap-
ture both contributions: the Hawking radiation and the Schwinger mech-
anism. The exact solutions were obtained in terms of the hypergeometric
functions. By imposing the particle viewpoint boundary condition, the
physical quantities associated the pair production can be derived by the
ratio of boundary fluxes. In particular, the expressions of the vacuum per-
sistence amplitude, the mean number of pairs and the absorption section
ratio were obtained. The existence condition for the pair production is
corresponding to the instability of the probe fields in the AdS2, i.e. vio-
lating the BF bound, leads to the black hole losing their charge more than
their mass in pair production process. This consequence is in agreement
with the cosmic censorship conjecture that a naked singularity cannot be
evolved form the complete gravitational collapse when the matter fields sat-
isfy appropriated energy conditions. We also present the holographic dual
IR CFT2 description for the pair production process, it would be more in-
teresting to study the asymptotically AdS black holes and further study the
dual UV CFT description for the pair production on the AdS boundary.
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